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Abstract 
The role of dissipation on wave shape and attenuation in dry and saturated granular chains is considered experimentally and 
numerically.  The wave dynamics in these chains includes a dissipative term based on Stoke's drag and on a new mechanism of 
liquid expulsion from the developing elastic contact.  The latter mechanism will be shown to be necessary for comparisons of 
experimental and numerical results.  The dissipation of energy in the region of particle contact may serve as a model for hot-spot 
formation in granular materials undergoing high strain-rate deformation. 
The shock wave profiles in granular chains, including viscous dissipation, were analytically obtained with the long wave 
approximation.  The critical viscosity, wh ch describes the transition from and oscillatory to a monotonous wave profile is 
validated using a comparison of th alytic and discrete numerical models, which agree well with one another. 
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1. Introduction 
In recent years, many experimental and numerical efforts have focused on the propagation of strongly nonlinear 
solitary waves in granular media [1-4].  These waves are a natural extension to the well known weakly nonlinear 
solitary waves such as the KdV soliton and solitary wave solutions of the Boussinesq equation.  A number of 
materials have been shown to support strongly nonlinear waves in one-dimensional chains [2,4].  Materials such as 
steel, glass, Nylon [5] and, more recently, PTFE [4] were shown to support solitary waves in experiments, numerical 
calculations, and analytically.  Hertz' law is a non-dissipative quasi-static interaction law and is commonly used in 
dynamic simulations to describe the interaction between force and displacement between spherical particles.  This 
imposes three conditions [1] that the materials of the grain must suffice in order for a solitary wave to form in 
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granular chains: they must have a low strain rate sensitivity, the deformation of the contact must be within the elastic 
range and the time of collision Ĳ must be greater than the characteristic oscillation period T of the grain.
However, dissipation plays a significant role in the transmission of pulses through real materials in almost all
experimental settings.  Restitution coefficients have been reported in [6] to investigate two-particle interactions and 
data on dissipative losses in a chain of particles can be found in [7-9]. Viscous dissipation can dramatically
influence the shapes of pulses in a strongly nonlinear lattice generated by external loading of very short duration
[10,11].  The treatment of a chain of particles differs from the two-particle interaction because the process of
multiple collisions dominates the system's dynamic behavior. The energy losses are observed in chains even when
the experiments are performed in air, due to experimental setup as well as the inherent material properties.
The role of dissipation on wave shape and attenuation is investigated in a chain of spheres immersed in fluids.
The main concern of this article is not the post-collision behavior of the particles, but the propagation of a solitary
wave through particles that are initially in contact.  The ratio of the particle size (~5 mm) compared to its motion
(~10 µm) is quite large such that the momentum of the surrounding fluid is negligible and the Basset history force is
neglected.  A new term described in [8] accounts for viscous dissipation for waves traveling along a chain of 
particles and the critical viscosity is found which determines the level of viscosity required for either oscillatory or
monotonic shock wave profiles in these systems.  Characterizing the effects of viscous dissipation in ordered
systems will elucidate the mechanisms of dissipation in disordered systems such as wet sand [12,13], which may be
useful for mine detection or geological characterization in unconsolidated granular materials.
2. Theoretical model and numerical calculations
The theoretical model for the one-dimensional Hertzian chain of spheres has been described in numerous papers
and books [1-3].  Most of the investigations regarding particles in fluids using a Hertz potential focus on a single
particle or bubble near another particle, bubble or wall.  Many of the simplifications in the fluids literature can be
attributed to a plane of symmetry between two moving particles where there is no flow across this boundary
(effectively, a wall). One of the complications of using the current sphere-fluid model is that a developed flow is 
assumed before particle collision.  In the presence of a fluid of negligible mass and viscosity, i.e. air, a one-
dimensional chain of spheres can be modeled with a discrete, nonlinear differential equation governed by a Hertzian
force interaction.  The properties of the neighboring particles must be known (material properties, displacement and
velocity) to track each particle's movement in time.
To account for the fluid particle interaction, the investigations in [14,15] give a theoretical description of a two 
particle interaction.  In [8] an additional dissipative term based on the relative velocity between particles with a 
fitting parameter c was necessary due to the lack of a qualitative agreement between the experiments and
calculations based on the Stokes drag force.  This addition is tantamount to adding a dashpot between neighboring 
particles representing force acting on the i-th particle,
(1))( 1 iid uucF 
where the coefficient c is a fitting parameter.  The physical reason for this term can be due to the radial flow of
liquid caused by the change of contact area between particles.  The equations of motion for the chain of elastic
spheres here is given by,
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where u is the particle displacement, p = c/m, and A=2E/3m(1-Q2)[RiRi+1/(Ri+Ri+1)]1/2.
MATLAB’s intrinsic ODE45 solver was used to march the explicit calculation forward in time.  The errors in the
energy calculations were found to be less than 10-9% in air and within 10-5% in the fluid.  The error in the
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conservation of linear momentum performed with a chain in air was less than 10-12%.  In Fig. 1 the total normalized
energy is shown for three different calculations using parameters for 101 stainless steel spheres with elastic modulus
E = 193 GPa, Poisson’s ration X = 0.3 , density U = 8000 kg/m3, mass of each sphere m = 0.443 g, and a particle
radii of R = 2.38 mm.  In curve 1 the added mass and pressure forces are included to account for the effects of the
particles being immersed in oil: Uf = 880 kg/m3, Q = 0.067 Ns/m2, and c = 0.648 Ns/m (determined from experiments
[8]). In curve 2 the calculation included Stokes drag and in curve 3 Eq. (1) is used to replace the Stokes drag term
merely to show the difference between the two mechanisms.  It is clear that dissipation described by Eq. (1)
accounts for much more of the energy dissipation than all of the other terms combined.
Fig.1 The total normalized energy is shown for three different equations of motion in numerical simulations of 101 stainless steel particles 
impacted with a similar particle at v0 = 0.41 m/s. In curve 1, the buoyancy, added mass and pressure forces are included.  Curve 2 shows the
effects of adding Stokes’ drag.  Curve 3 shows the effect of using Eq. (1) as the only dissipative mechanism.
3. Experimental procedures and results
In the experiments, the propagation of an impulse was observed in three different media: air, SAE 10W-30 motor
oil, and non-aqueous Glycerol GX0185-5. The chain was placed into an adjustable holder, which had only four
points of contact on each sphere allowing the fluid to flow freely.  The density and dynamic viscosity used in
numerical calculations were ȡf = 880 kg/m3, Ȟ = 0.067 Ns/m2 for oil and ȡf =1260 kg/m3, Ȟ = 0.62 Ns/m2 for
glycerol.  An experiment was performed with each of the three types of media to see how single and multiple
solitary waves propagate through the chain.
To create a single solitary wave, a spherical stainless steel striker with a radius of R = 2.38 mm and a mass of m = 
0.4501 g was used to impact the top of a chain of 19 stainless steel particles (also with R = 2.38 mm) with a velocity
of X0 = 0.41 m/s.  To create multiple solitary waves in the same chain, a cylindrical alumina striker with a larger
mass of m = 1.23 g impacted the chain at X0  = 0.41 m/s.  The experimental results were recorded via piezoelectric
gauges imbedded [4] in the 10th and 15th particles from the top of the chain.  The procedures outlined in [4] were
implemented to compare the calculations to experimental results using the averaged dynamic force shown on the
vertical axis of Fig. 2. 
A Tektronix TDS2014 oscilloscope was used to record the voltage values from the particle sensors.  A program
was written in MATLAB to interface with the oscilloscope [16] and convert the voltages from the piezoelectric
gauges to forces in real-time. In Fig. 2 the experimental and numerical results for a train of solitary waves in air, oil
and glycerol are presented.  The dissipative term Fd (Eq. 1) was included in the calculations, which qualitatively
matched the behavior of the pulse in experiments with a coefficient c = 6.0 Ns/m for glycerol and c = 0.648 Ns/m
for oil.  These values provided the best comparison between experimental and numerical data and were scaled 
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according to the difference in viscosity. In Fig. 2 (c), the additional dissipation Eq. (1) has reproduced the shock-
like response of the train of solitary waves seen in Fig. 2 (f). In calculations the amplitude and tendency to split
decreased by adding this term in accord with experiments.
In experiments the speeds of the single pulse (not shown) were Vs = 520 m/s in air and increased to Vs = 541 m/s
in glycerol.  It is interesting to note that the calculated signal speed was Vs = 564 m/s in air and decreased to Vs =540 
m/s in glycerol.  In numerical calculations the speed of the single pulses in chains surrounded by both air and
glycerol should be higher than the experimental pulse speeds due to the higher amplitude of the waves at the same
conditions of impact.  Also, one would intuitively think that the pulse speed in air would be higher than in glycerol
due to viscous dissipation.  This is the case in calculations (even when the additional dissipative term Fd is added but
the opposite is true in experiments (Fig. 2 (c) and (d)).  This discrepancy was noted in [8] and [9] and was attributed
to the stiffening of the contact due to an interstitial fluid.
Fig.2 Multiple solitary waves observed in calculations (a)-(c) and experiments (d)-(f) in a chain surrounded by (a),(d) air; (b),(e) 10W-30 oil and 
(c),(f) non-aqueous glycerol. The dissipative term from Eq. (1) was able to replicate the amplitude.  Curves 1 and 2 in each subfigure correspond
to the first and second sensor.  The vertical scale is 2 N/div.
Despite the disparity in the pulse speeds, Eq. (1) is shown to qualitatively replicate the experimental results in 
numerical calculations as shown in Fig. 2. In [17] the dissipative term from Eq. (1) was used in an investigation of
shock wave loading of one-dimensional granular chains.  A critical viscosity pcr was derived from the long wave
approximation which defined the transition from an oscillatory to monotonic shock wave profile.  For Hertzian 
interactions between uncompressed neighboring particles the critical viscosity is 
(3)pc,sv  Vsh /2a
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where Vsh is the speed of the shock wave front, and a is the particle diameter. This expression is valid for strongly
nonlinear shock waves, where the wave amplitude is much larger than the initial compression of the system (in the
case of ‘sonic vacuum’ initial conditions, there is no initial compression since there is no characteristic sound speed
of the system [1]). 
The numerical analyses of a discrete particle lattice are presented here for comparison with the results based on
the long-wave approximation leading to the value of critical viscosity, Eq. (3).  There are a few key qualitative
differences between the applied analytical approach in the frame of the long wave approximation and the numerical
calculations of the discrete particle lattice.  First, the analytical approach assumes a stationary profile with a constant
shock wave speed but does not account for the transient development of the wave into its steady state. Also, it is 
important to compare the critical viscosity value derived from the long wave approximation to a value characteristic
for shock waves in discrete chains because the width of a weakly dissipated shock is comparable to the size of the
particles. These features may result in significantly disparate behaviors of the shock wave solutions of the long wave
approximation and the discrete lattice. 
Fig.3 Comparison of (a) oscillatory (p = 0.25pcr) and (b) monotonic (p = pcr) steady shock waves in a discrete strongly nonlinear lattice and
the results of the long wave approximation.  Curve (1) is the stationary solution of the long wave approximation for an oscillatory shock front;
curve (2) is a set of discrete points representing the parameter y related to the strain between particles; curve (3) is a stationary solution of the
long wave approximation for a monotonic shock front; curve (4) is set of discrete points representing the parameter y between particles for 
comparison with curve (3).  For convenience all curves are plotted from the moment of arrival of shock wave at given point.
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Figure 3 depicts oscillatory and monotonic shock wave profiles in a discrete lattice in comparison with the results 
of long wave approximation using p = 0.25pc in (a) and p = pc in (b).  Time t is calculated starting from the moment 
of arrival of shock wave at given point of observation.  The points comprising curve (2) and (4) in Fig. 3 are the 
discrete values of the rescaled strain y between the 218th up to the 921st particles [17].  The discrete points are taken 
from different locations in the chain to indicate that the shock wave is approximately stationary after traveling 
approximately 200 particles.  Note the progressive phase shift between oscillations in Fig. 3 (a), slightly larger 
amplitude of the first peak and the smaller amplitudes of the oscillations behind it in comparison to the analytical 
solution shown in curve (1). 
The difference in shock-front widths and wave profiles in curves (3) and (4) in Fig. 3 is indistinguishable.  This 
means that the critical value of viscosity pc from Eq. (3) captures the transition from oscillatory to monotonic wave 
profiles in discrete lattice very well on the stationary stages of shock wave propagation. 
4. Conclusions 
Strongly nonlinear phononic crystals were assembled from chains of stainless steel spheres.  The propagation of 
solitary waves and splitting of an initial pulse into a train on of solitary waves excited by a piston was investigated 
in different viscous media (air, 10W-30 oil and glycerol).  The experimental results indicate a qualitative change of 
the propagating shock and solitary waves in glycerol while only a small change in oil.  Without the gradient-based 
dissipative term Fd (Eq. (1)), the equations pertaining to the surrounding fluid could not accurately reproduce the 
shock like structure of the incident pulse. The numerical analysis predicted a decrease in solitary wave speed as the 
viscosity of the surrounding fluid increased.  In experiments, however, the wave speed increased as the viscosity 
increased!  This phenomenon may be explained by an increased effective stiffness modulus between particles in the 
presence of a viscous fluid.  The critical viscosity obtained with the dissipative term dependent on the velocity 
gradient also predicts the transition from oscillatory to monotonic shock wave profiles. 
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